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SUMMARY

A study was made of ths stress concentrations around holes in flat
sheets reinforced with rings of rectangular cross section symmetrically
mounted with respect to the sheets. The sheets wore loaded in a bi-
axial loading machine, and stress-concentration factors for principal
nominal stress ratios of 1l:1, 1.5:1, 2:1, and 2.5:1 were determined.
The sheet specimens were fabricated from plastic sheet and were instru-
mented with foil strain gagss.

The best reinforcemsnts reduced the stress-concentration factors
to below 1.1 for the range of stress-field ratios studied. For a given
hub thickness, increasing the ring diameter results in shifting the
point of maximum effective stress from the inner rim of the hub to the
sheet. If the ring diameter is kept constant, an inecrease in the hub
thickness will shift the location of maximum stress or will have a
negligible reinforcing effect. In most cases, increasing the thickness
will raise the stresses in the sheet slightly.

The experimentally det:rmined stress concentrations were compared
with those calculated by a two-dimensional theoretical method proposed
by L. Beskin. Although certain areas of disagreement were identified,
the analytical method produced conservative results as far as the maxi-
mum stress-concentration factors were concerned when the outer diameter
of the reinforcement was 1.7 times the hole diameter or greater.

INTRODUCTION

The presence of openings in missile or space-vehicle tanks requires
special design consideration to ensure structural integrity. Stress
concentrations resulting from openings conventicnally are reduced by



increasing the material thickness locally. However, the manner in
which the added material is distributed around the opening is of great
importance in obtaining optimum reinforcement. In this report, the
term "optimum reinforcement"” implies a reinforcement geometry in which
the maximum stress concentration, considering all locations, approaches
unity as closely as possible. The best reinforcement of those tested
will therefore be the one that is closest to an optimum reinforcement.

Various theoretical methods have been proposed for designing rein-
forcements (refs. 1 to 15), but relatively little experimental work has
been done to determine their validity. In general, these analyses are
two-dimensional, although in reference 2 an attempt is made to take in-
to account localized bending due to a nozzle on ocne side of the plate.
The two-dimensional assumption can lead to erroneous conclusions when
large reinforcement thicknesses are involved. The flat-plate assump-
tion is probably not too severe a restriction because, in most missile
work, the diameter-to-thickness ratio of the tank components 1is very
large, and the reinforcement area is relatively small. Differences
exist, however, among the basic assumptions of references 1 to 15.

Some assume that the reinforcement is concentrated at the rim of the
hole; others assume that the reinforcement area is integral with the
plate, and still others assume uniform shear on the contact surfaces
between the reinforcing rings and the plate. Many of the analytical
methods ignore the stress concentration in the plate at the outer edge
of the reinforcement. On the basis of the literature, it appeared that
the method proposed in reference 1 offered an approach commensurate
with practical design because it allowed stress-concentration factors
to be calculated at any location in the reinforcement area or plate and
could take into account any stress-field ratio.

Experimentally, strains have been measured around reinforced open-
ings in pressure vessels, as reported in references 16 to 18. These
papers contain useful guides for reinforcing openings, but the experi-
mental analyses were performed on relatively thick walled tanks and
cannot be applied directly to the membrane-type walls used in space-
vehicle applications. Some experimental work has been accomplished with
reinforcements in flat plates, as reported in references 19 and 20, but
the plates were loaded only in uniaxial tension, and the range of rein-
forcement sizes and proportions was limited.

An experimental investigation was underteken at the Lewis Research
Center to determine the applicability of the analytical method of
reference 1 and also the best configurations under various biaxial
stress fields. The research described herein employed flat sheets of s
methyl methacrylate plastic having central holes reinforced with rings
of rectangular cross section (see fig. 1). The reinforcing rings were
cemented to each side of the sheet to produce a reinforcement hub sym-
metrical with respect to the plane of the sheet.
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A range of hub diameters up to three times the hole diameter and of
hub thicknesses up to 11 times the sheet thickness was studied. In this
investigation the ratio of hole diameter to sheect thickness was kept con-
stant. The 8:1 ratio chosen for this investigaticr probably represents
the smallest ratio likely to be encountered for openings in missile and
space vehicles and represents the largest practical departure from the
plane stress condition. This is so because the hub stresses normal to
the plane of the sheet will be reduced, as is discussed later in this re-
port. Stress fields with principal stress ratios of 1:1, 1l.5:1, Z2:1, and
2.5:1 were imposed within the elastic range. Effcctive stress-
concentration factors were calculated based upon the von Mises distortion-
energy theory. Another phase of this program was to study tapered rein-
forcements; the results are reported in reference Z1.

SYMBOLS
C location at midpoint of hub inner rim on x-axis (see fig. 1)
H location in sheet adjacent to hub on x-axis (see fig. 1)
K effective stress-concentration factor
o) location in sheet adjacent to hub at some angle from y-axis
(see fig. 1)
9] uniform hydrostatic stress at infinity
q uniform shearing stress at infinity
\ location in sheet adjacent to hub on y-axis (see fig. 1)
X ratio of outer diamater to Inner diameter of hub
Z ratio of hub thickness to sheet thickness
8 angle to location O as measured from y-axis (see fig. 1)
a normal stress, psi
T shear stress, psi
Subscripts:
C location C

exp experimental



H location H

max maximum

0 location O

r radial direction

th theoretical

v location V

b'd direction of minimum nominal principal stress

y direction of maximum nominal principal stress

Z direction normal to plane of sheet

8 tangential direction

1 index for maximum nominal principal stress

z index for minimum nominal principal stress

1r first of duplicate back-to-back radial strain gages

zr second of duplicate back-to-back radial strain gages

156 first of duplicate back-to-back tangential strain gages
28 second of duplicate back-to-back tangential strain gages
Superscripts:

— maximum stress at given radius for uniform shear condition

* stress at given radius for uniform hydrostatic condition

APPARATUS, SPECIMENS, AND EXPERIMENTAL PROCEDURE
Apparatus

The biaxial tensile testing machine shown in figure 2 was con-
structed to produce the required loading. It consisted of a rectangular
metal frame with a bank of five hydraulic cylinders on each side. The
cylinders on opposite sides were manifolded together to produce a uni-
form loading, but the vertical and horizontal banks were pressurized
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from separate lines., The pressures were measured on Bourdon pressure
gages having accuracies of 0.1 percent of full scale. By varying the
pressures to the vertical and horizontal banks, different bilaxial stress
fields were imposed on the specimen.

Specimens

The specimens were ractangular sheets of a methyl methacrylate
plastic approximately 16 by 18 inches and nominally 1/8 inch thick with
l-inch-diameter central holes. In order to distribute the load as even-
1y as possible, the specimens were pin-loaded through 10 holes on each
side; that is, the piston of each hydraulic cylinder pulled on a pair of
adjacent pins through a linkage system.

Reinforecing rings of the same plastic as the sheet material were
cemented with cyanocacrylate adhesive on each side of the sheet around
the hole. These rings were machined to the same thickness as the flat
sheet to which they were applied, since there were variations in thick-
ness between specimens. There were also thickness variations within
individual specimens. Despite the most careful selection, the thickness
at the edges varied as much as 5 percent of the thickness at the center,
where the average thickness always occurred. Some of the experimental
error can be attributed to these thickness variations. For a specimen
of a given hub diameter, the hub thickness was gradually built up by ce-
menting additional rings on each side of the plate between tests. Tests
on tensile specimens showed that the strain-gage cement had no effect on
the mechanical properties o this plastic.

Experimental Procedure

Foil strain gages with l/lG-inch—square elements were mounted along
the rim of the hole and back to back on the sheets at various points ad-
jacent to the hub as shown in figure 1. The angle @, shown in figure 1,
was based on the theoretical method of reference 1. Care was taken to
put only 8 milliamperes of current through the strain gages to prevent
damage because the plastic dissipates the heat slowly. The strain-gage
output was recorded on an automatic multichannel recorder with an accu-
racy of *1 percent.

The hydraulic cylinder pressures for various stress fields and the
resulting nominal stresses were determined by testing a flat sheet with
strain gages and no central hole. It was found that over a central area
3 inches square (a region that would cover the largest reinforcement
ring used) the maximum strains at any point were within #5 percent of
the strains measured at the center of the plate; this held true under



all biaxial loading conditions. Farther from the center edge effects
became more pronounced and the stresses became more nonuniform. Uni-
formity of the stresses in the ring section is shown in the photoelastic
fringe patterns for each stress field in figure 3. Using the combina-
tions of pressures calibrated for the stress-field ratios of 1:1, 1.5:1,
2:1, and 2.5:1, a flat unreinforced specimen with sirain gages around
the rim of the central hole was tested. The experimentally determined
maximum stress concentrations were about 3 percent less than those pre-
dicted theoretically, as shown in table I for the case X =1, Z = 1.

The specimen initially had one ring cemented on each side and had
strain gages mounted as in figure 1. In imposing the various biaxial
stress fields, the horizontal lcad was constant and the vertical load
was varied. The specimen was loaded by uniformly and simultaneously
bringing it up to the previously determined combination of vertical and
horizontal loads. For each configuration, four different combinations
of loads were imposed and the values for the stress-field ratics of 1:1,
1.5:1, 2:1, and 2.5:1 were determined by interpolation. After each load-
ing, the specimen was unloaded and straln readings were taken to deter-
mine the zero drift before proceeding to the next loading. This process
was repeated a second time for each configuration. As mentioned before,
the load and no-load times were equal. The strain data were then en-
tered into a computer program which corrected for zero drift, computed
the best straight line through the data by means of the method of least
mean squares, checked the linearity of the data, and determined the
strains, stresses, and effective stress-concentraction factors for the
1:1, 1.5:1, 2:1, and 2.5:1 stress-field ratios for locations C, V, E,
and O,

The hub thickness was built up by cementing on each side another
ring with the same thickness as the sheet, and the test was repeated.
This procedure was followed until the hub thickness was built up to 11
times the sheet thickness. The hub was then milled down to the original
set of rings. At this point the normal and tangential strain gages at
C (CZ and Cg of fig. 1) were removed, and another set of gages was mount-
ed with the positions reversed to obtain a second set of readings at lo-
cation C. The process of testing and building up the hub was then re-
peated. The results were averaged with the first series of tests. Rein-
forcement rings 1.4, 1.7, 2.0, 2.5, and 3.0 inches in outer diameter
were investigated in this way.

ANATYTICAL PROCEDURE

Experimental results were compared with computations of stress-
concentration factors obtained from equations in reference 1 and tabu-
lated in table I. Using conventional two-dimensional theory of elastic-
ity, effective stresses were computed based on the von Mises distortion
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energy theory. Using these, stress-concentration factors were computed
for reinforcement rings around holes in sheets under bilaxial loads. The
biaxial loading conditions examined were for 1l:1 and l:-1 stress-field
ratios corresponding to conditions of hydrostatic stress and pure shear-
ing stress, respectively. Other types of blaxial loading can be obtained
by superposition of these two conditions.

If p is the principal stress at infinity for the 1:1 stress field,
g 1s the principal stress at infinity for the 1l:-1 stress field, and
(p + a)/(p - q) equals the desired ratio of maximum to minimum principal
stresses, then

(1) For a 1:1 stress-field ratio, g f 3 =1, and q = O.
(2) For a 1.5:1 stress-field ratio, g i g = 1.5, and p = 5aq.
(3) For a 2:1 stress-field ratio, g + g =2, and p = 3q.

+

- 3 = 2.5, and p = (7/3)a.
The effective stress-concentration factor for location V, H, or O
based on distortion energy theory is

GE + cg - O0p0g + 3159
X =
pz + qu

where oy is the radial stress, og 1is the tangential stress, and Trg
is the shear stress in the biaxially loaded sheet. 1In the case of lo-
cation C, o, will be replaced in the equation by 0dy, the stress normal
to the plane of the sheet. Since locations C, V, and H (fig. 1) 1lie
along axes of symmetry, the shear stresses will be zero for these posi-
tions. For location O not on these axes, the shear stress must be cal-
culated. This method was programmed for an IBM 704 computer.

(4) For a 2,5:1 stress-field ratio,

Lol ie]

It can be shown, using a circular reinforcement of constant
cross section around a hole, that the maximum stress concentration oc-
curs at location C, where the direction of the maximum nominal prinecipal
stress is tangent to the hcole rim. From Beskin's method the maximum ef-
fective stress-concentration factor in the sheet adjacent to the hub
will occur either at location V or H, or at an angle © such that

K ¥
K o Oy0g * Uecr
Op0y + Tg0g - 2

cos 28 = - —
3% + B% - 0p0g - STEQ
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where 0Op, Og, and Tpg are the solutions for the maximum radial, tan-
gential, and shear stresses In the sheet for a 1l:-1 stress-field ratio

of magnitude g, and 0? and og are the solutions for a 1:1
stress-field ratio of magnitude p. These stresses can be readily de-
termined from reference 1. The angle @ will vary as X or Z or the
stress field is changed. For example, for the X = 1.7 reinforcement,

® will vary from 45.28° to 37.18° over the range of thicknesses to be
studied and for stress-field ratios of 1.5:1, 2:1, and Z.5:1, the aver-
age value being 42°. At X = 2, © wvaries from 42.88° to 28.32° with an
average of 33%; at X = 2.5, @ is 39.28° to 12.31° with a 34.5° average;
and € varies from 36.00° to 15.04° with an average of 309 for ¥ = 3.
Because of physical limitations, these average values of © were used in
the experimental work.

RESULTS AND DISCUSSION

The results of the biaxial tensile tests are shown in table I.
Both experimental and theoretical stress-concentration factors are indi-
cated for locations C, V, H, and O for each configuration at each
stress-field ratio. As pointed out previously, in the case of location
0, a compromise had to be made for placing the strain gages. The last
column in table I shows the theoretical stress-concentration factor for
the critical location for each condition. The second last column shows
the theoretical stress-concentration factor for the actual location O
in the test specimen. By comparing these two cclums, it is evident
that the displacement of gages at location O from thelr critical position
had only a slight effect on the theoretical values.

Verification of Theoretical Method of lLocating
Strain Gages in Sheet

On one of the configurations (X = 1.4, Z = 11) strain-gage rosettes
were mounted on the sheet along the outer rim of the reinforcement at
angles © of 09, 30°, 45°, 60°, and 290°. A number of separate tests
were necessary to accomplish this program, since there was not enough
space to mount all the strain gages at the same time. The measured dis-
tribution is shown in figure 4.

The experimental effective stress-concentration factors for the 1l:1
stress-field ratio varied from 0.93 to 1.04 with an average value of
0.99. If this had been a perfect hydrostatic field, the values would
have been identical at every point along the circumference. The nonuni-
formity of the stress field had more effect on the measurements at loca-
tion O than on those taken elsewhere because none of the gages at O were
duplicated as they were for the measurements at locations V and H. This
factor probably accounted for much of the scatter of the experimental
data for the 1:1 stress field in Tigure 4.
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The peaks of the experimental curves for the 1.5:1, 2:1, and 2.5:1
stress fields occurred at about 45° Actually the curves are so flat
that an error of even 10° would make no appreciable difference in the
stress-concentration factor. The important point indicated in figure 4
is that these peaks occurred at approximately the same angle as those of
the theoretical curves. On the basis of this agreement, it was decided
that in all other cases the strain-gage rosette would be located as
closely as possible to the angle predicted by Beskin's method. One of
the nctable observations derived from figure 4 is that the experimental
stress-concentration factors were considerably smaller than the theoreti-
cal values. As is shown later, this conclusion was generally true for
location O for every configuration. The discrepancy was particularly
noticeable in this case because the departure from the plane-stress as-
sumption was most pronounced in this configuration as a result of the
combination of small outer diameter and large hut thickness.

Effect of Stress-Field Ratio on Experimental
Stress-Concentration Factors at
Locations C and O

In figure 5 experimental stress-concentration factors for locations
C and O are plotted against stress-field ratios. Iocation O was chosen
rather than V or H because the maximum stress concentration in the sheet
occurred there in most cases.

The theoretical curve for the stress-concentration factor at C for
an unreinforced hole is also shown in figures 5(z) to (e). It can be
seen that the minimum reinforcement (X = 1.4, Z = 3 in fig. 5(a)) con-
siderably improved the specimen.

The effect of increasing the stress-field ratio was an increase in
the stress-concentration factors at both C and 0. This change was most
significant at location C in going from a 1:1 stress field to a more
nonuniform one when the hub thickness was small. The stress-concentration
factors at both locations C and O were not much worse for a 2.5:1 stress-
field ratio than for a 2:1 stress-field ratio.

Magnitude and lLocation of Maximum
Stress~-Concentration Factors
in Hub and Sheet

In figure 6 the stress-concentration factor is plotted against the
parameter X for the 1:1, 1.5:1, 2:1, and 2.5:1 stress~field ratios.



10

At the top of the figure the curves for location C are shown, while at
the bottom the maximum measured stress-concentration factor in the sheet
is plotted. The intersections of these sets of curves are shown to in-
dicate where the highest stress concentration shifts from the reinforce-
ment to the sheet. This maximum in the sheet usually occurred at loca-
tion O, sometimes at V, and never at H within the range of geometries
studied. All curves in figure 6 are extrapolated to the theoretical
values for an unreinforced hole at X = 1.

In figure 6(a) (for Z = 3), the maximum stress concentration in the
sheet always occurred at location 0. Figure 6(b) (for Z = 5) also shows
the meximum in the sheet occurring at location O, except for X = 2.5
for & 1.5:1 stress-field ratio, where it was at location V. In figures
6(c) and (d) (for Z = 7 and 9) the worst location was at V for X = 1.7
at 8 1.5:1 stress-field ratio. The Z = 11 hub of figure 6(e) showed
more cases in the region between X = 1.7 and X = 2.5, where the
highest stress concentration in the sheet occurred at location V.

Selection of Reinforcement Geometry

Three-dimensional figures were constructed by plotting Koax

(whether at location C or in the sheet) against both the X and Z
parameters (fig. 7). The trend of the stress-concentration-factor
curves for location C is an initial rapid decrease with increasing X
and then a leveling off as X is increased further. The trend of the
maximum stress-concentration factor curves in the sheet for values of

X larger than 1.7 is to increase slightly with increasing values of X
and in some cases to level out. Except for cases involving low values
of Z, these two types of curves (K, end Kpg, in the sheet) generally

intersect between values of X of 1.6 and 1.8. The intersection of
these two sets of curves is shown in figure 7 for each stress field. The
dark shaded area is the location of the maximum stress-concentration
factor in the sheet. TFor a given hub diameter, the effect of increas-
ing the thickness is very small as far as the stress concentrations in
the sheet are concerned; usually there is a slight increase in the
stress-concentration factor. In each part of figure 7 the dark area is
relatively flat because of this insensitivity of the stress-concentration
factors in the sheet to changes in X and Z in that region.

The best reinforcements for each stress field therefore lie on the
dark shaded surface near the intersection with the steep surface.

In figure 7(a) (for a 1:1 stress field) the dark area extends ap-
proximately from X = 1.6 and Z = 2.9, The maximum stress-concentration
factor on this surface varies between 0.96 and 1.06. The best configu-
rations for this stress-field ratio were X = 1.7 with Z between 5
and 11. The three-dimensional plot of the 1l.5:1 stress-field ratio is
shown in figure 7(b). The dark surface extends from X = 1.7 and
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7 = 3.5 with varying between 1.03 and 1.22. The best configura-
ax .

tions are again X = 1.7 with Z from 5 to 11. Figure 7(c) (for the

2:1 stress-field ratic) shows the dark surface to be beyond X = 1.7

and Z = 4.0 with K, ., from 1.05 to 1.25. The best configuration in

this region was X = 1.7 and Z = 11. In figur: 7(d) (for the 2.%:1

stress-field ratio) the boundary limits are about the same as for

figure 7(c). The maximum stress-concentration factor on the dark surface

varies from about 1.08 to 1.27, and again the best configuration is

X=1.7 and Z = 11.

Comparison of Experimental and Theoretical
Stress-Concentration Factors

The ratios of the experimental to thecoretical stress-concentration
factors are plotted in figure 5 for locations C and O. For location C,
there was better agreement as the stress-field ratio became larger.

As the hub thickness was increased, the ratio of experimental to
theoretical stress-concentration factor for location C increased, while
for location O it decreased. This trend occurred with all values of
X, except for X = 3.0 1in figure 5(c¢). In that case there was an ini-
tial decrease in the ratic of experimental to theoretical stress-
concentration factor for location C as the hub was built up; however,
as the hub was increased further, the ratic decreased again. The ratio
of the maximum experimental to the maximum theorstical stress-
concentration factor is shown in figure 8 for each configuration for the
1:1, 1.5:1, 2:1, and 2.5:1 stress-field ratios. Only the magnitudes of
the maximum factors were considered; the locations of the experimental
and theoretical highest stress concentrations were not necessarily the
same.

A number of conclusions can be drawn from figure 8. The first is
that, if Z is 3 or less, there is very good agreement between the
experimental results and the method of reference l. This is to be ex-
pected, since in this range the reinforcement approaches most closely
the plane-stress condition assumed in the theoretical analysis. Also,
when X 1is 1.7 or larger, Beskin's method is either in good agreement
or on the conservative side. The worse discrepancy between the maximum
experimental and theoretical stress-concentration factors was 27 percent
in this range. TFigure 3 shows that Beskin's method should never be used
with values of Z greater than 3 when X 1is less than 1.7.



Comparison of Experimental and Theoretical
ILocations of Maximum Stress
Concentration

The locations of the maximum stress concentrations, both theoreti-
cal and experimental, are shown in table II. This table shows whether
the highest measured stress concentration occurred at the hub or in the
sheet; if in the sheet, the angle 6 that was used is given. In addi-
tion to the highest experimental value, the theoretical value at the
most critical experimental location and the highest theoretical value
with its location are given.

628-d

It should be noted that the method of reference 1 was not always
successful in predicting where the maximum stress concentration would
occur. For example, there were 10 cases (most of them at 1l.5:1 stress
fields in the region between X = 1.7 and X = 2.5) where the maximum
stress concentration occurred at V rather than at the theoretically pre-
dicted location O. There were also a few cases where the critical lc-
cation in the sheet should theoretically have been at V but actually
occurred at O. However, an examination of table I shows that for most
of the cases where discrepancies occurred, Ky and Kg were nearly equal,
so that the choice of critical location could be at either V or O with-
in the experimental error. The tendency at large hub thicknesses and
low stress-field ratios for the critical location to drift toward V
seems well established, however, and agrees with Beskin in this manner.

Accuracy of Data

An indication of the accuracy of the experimental work can be ob-
tained by comparing the stress-concentration factors at locations V, O,
and H in table I for a 1l:1l stress-field ratio. These factors should be
equal, In the worst cases there was approximately a *5 percent spread
among Kp, Ky, and Kp. It should be remembered, however,,K that the
Ky and Ky values are the results of averaging symmetrically placed
gages, whereas there were no symmetrical gages at 0 because of space
limitations. Thus KO is inherently less dependable than the other
experimental values. .

The accuracy of the method of measuring the experimental stress-
concentration factors at C can be estimated by comparing the experimental
and theoretical values in table I for an unreinforced hole (X = 1,

Z = 1). The discrepancy in this case was between 2 and 3 percent for
the various stress-field ratios.
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Three-Dimensional Effects

Since the reinforcements are essentially cylinders with narrow bands
of radial load, bending monents of varying magnitudes are induced that
result in stresses normal to the plane of the shset. Since these stresses
are compressive at the inner rim of the reinforcoment, they tend to pro-
duce an effective stress-concentration factor at this location measur-
ably larger than that predicted by reference 1. However, since the rein-
forcement material is not as effective as assumed in the two-dimensional
analysis, the effective stress-concentration factor in the sheet is
smaller than that predicted by reference 1.

The relative magnitud=ss of these compressive stresses can be seen
in figure 9. Varying X only, the magnitude of the ratio of the bend-
ing stress to the tangential stress at C, (GZ/GQ)C, decreases as X in-
creases. Varying 2 only, the magnitude of this ratio generally de-
creases with decreasing Z. Thus, any change to a geometry that tends
to satisfy the basic two-dimensional assumptions more closely generally
decreases the bending stress in the reinforcement. Varying the stress-
field ratio only, (0,/0,)c decreases with increasing stress-field ratio.

The 8:1 ratio of hole diameter to sheet thickness used in the test
specimens in this investigation is lower than any that would normally be
encountered in missile or space-vehicle applications. Any increase in
this ratio will change the geometry in such a way that it will more
closely approximate the two-dimensional assumptione of reference 1 for
any given X and Z. Such an increase will be accompanied by a de-
crease in the bending stresses in the hub, and the maximum effective
stress-concentration factors will agree more closely with those computed
from reference 1.

CONCLUSIONS

The following conclusions may be drawn from the investigation of
the reinforcing effect of rings of rectangular cross section around
central holes in biaxially loaded flat sheets:

l. The best reinforcements for the 8:1 ratio of hole diameter to
sheet thickness reduce the maximum stress-concentration factors to 1.1
or less over the range of stress-field ratios thet was studied.

2. For thin-walled reinforcements, the highest stress is at. the
inner rim of the hub. For a large ratio of hub to hole diameter X,
the critical location is generally in the sheet adjacent to the hub. As
the hub diameter is furthe:r increased, the stresses in the sheet tend to
get somewhat higher.



14

3, For configurations where the hub thickness is three times the
sheet thickness or less, the two-dimensional method of Beskin gives good
agreement with the experimental values at the inner rim of the hub. For
all configurations and stress-field ratics, the maximum stress concen-
tration in the sheet either agrees fairly well or is less than that pre-
dicted from Beskin's method. For all configurations with X =1.7 or
greater, Beskin's method is conservative at the location where the maxi-
mum effective stress occurs.

4. The effect of the hub thickness on the stress concentration at
the inner rim is large, especially as the hub is initially built up.
When the maximum effective stress is in the sheet, the effect on the
stress concentration of increasing hub thickness is relatively small.

5. The effect of increasing the nominal principal stress-field
ratio on a given configuration is an increase in the stress-concentration
factor.

5. Although the experimental investigation was done only for an 8:1
ratio of hole diameter to sheet thickness, the larger ratios that are
normally encountered in space-vehicle applications should result in
closer agreement with the predictions from Beskin.

Lewis Research Center
National Aeronautics and Space Administration
Cleveland, Ohio, November 30, 1961
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Z Stress- Experimental stress- ! Thoor: 3!
fleld concentrat'on factor conoet L
ratioc |y - — e _— -
Ko Ky kg Ko Kg Ky K
1 1:1 1.98 ———— e 2,000 | —==== | ===== = emeee | e—eee
1.5:1 2.58 ———— —me- ] - 2.646 | ——-—— | == - e
2:1 2.80 ———— R L 2.886 | —==== | mm-== L —mmee e
2.5:1 2.89 -—— et 2,983 | —emm | mmiee e e
3 1:1 1.26 1.02 1.00 | 1.04 1.204 | 1.020 |1.020 1.020 1.020
1.5:1 1.87 87 1.05 1.10 1.630 865 | 1.034 1.144 1.1:52
: 2:1 1.83 75 1.04 1.18 1.785 .747 | 1.021 1.230 Cool.297
2.5:1 1.89 67 1.01 1.24 1.8863 .B57 L8433 1.38¢ 1.394
5 1:1 1.30 0.98 0.94 ., 0.99 0.861 | 1.004 | 1.004 1.004 1.004
1.5:1 1.80 .87 .97 1.05 1.207 | .807 L9192 1.187 1.163
2:1 1.71 .78 .94 0 1.14 1.347 .805 L 635 1.352 1.354
2,5:1 1.75 .71 .91 | 1.20 1.408 ' .730 L35 1.475 1.476
7 1:1 1.36 0.96 0.92 | 0.99 0.870  1.033 | 1.033 1.033 b1.033
1.5:1 1.59 .86 .93 0 1.04 .972 .931 | 1.004 1.202 . 1.203
2:1 1.66 77 .91 ¢ 1.12 1.098 .856 L6380 1.397 1.397
2.5:1 1.88 .71 .88 1.18 1.155 .784 631 1.524 1.528
9 1:1 1.33 0.95 ; 0.91 ' 0,99 0.549 | 1.064 | 1,084 1.064 1.064
1.5:1 1.52 .86 ¢+ ,92 1.03 .821 .983 | 1.024 1.232 1.232
2:1 1.57 .78 .89 .« 1.10 . 937 .839 L0321 1.426 1.426
2.5:1 1.58 .73 .36 1.16 L9981 . 829 891 1.553 1.553
11 1:1 1,32 0.98 .93 1.00 0.464 | 1.091 1.021 l1.0¢81 1.091
1.5:1 1.50 .90 .94 1.04 L7185 | 1,022 1.042 1.254 1.254
2:1 1.55 .B2 . 20 1.11 .824 . 935 954 1.444 1.444
2.5:1 1.55 77 .37 1.16 .878 L8866 ¢ Y00 1.587 1.563
B T + B e _ S e — D
3 1:1 1.01 0.99 0.38 0.85 1.082 | 1.063 | 1.003 1.003 1.003
1.5:1 l.42 .94 .34 1.00 1.477 . 948 } L0352 1.107 1.10%
2:1 1.58 .88 . 30 1.08 1.643 887 | LETT 1.260 o 1l.264
2.5:1 1.86% .83 .87 1.13 1.718 .80 ' LEld 1.384 o 1.35%
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H R U Y A -~ P S - RS
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2.5:1 .91 1.07 ¢ LT70 1.18 | .884 | 1.130 631 1.406 1.410
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X Z 3tress- Experimental stress- Theoretical stress-
field cencentration factor concentration factor
ratlo T
Ke Ky 0 Xy %o e Ky | Ky | Ko 8t @xp) Ko max
1:1 0.65 0.96 }1.04 1.01 ¢,386 [ 1.158 | 1.158 1,168 1,158
1.5:1 .77 1.086 .86 1,06 .599 | 1.233 . 955 1.260 1.267
2:1 .8 1.08 .74 1.11 .686 | 1.215 L7320 1.380 1.360
2.5:1 .83 1.07 .67 1.14 727 1 1.183 .676 1.424 1.424
1:1 .68 0.97 1.03 1.03 0.330 11,179 | 1.179 1.178 1.178
1.5:1 77 1.08 .86 1.07 .S06 §1.265 .976 1.279 1.290
2:1 e 1.11 .74 1.12 L.580 11.253 . 790 1.372 1.374
2.5:1 .80 1.11 .87 1.18 L.B19 | 1.223 .671 1,433 1.433
.S 1:1 0.983 1.03 1.05 0.99 0.937 | 1.048 | 1,048 1.048 1,048
1.5:1 1.28 1.09 .80 1.12 1,296 | 1.101 .893 1,136 1.136
2:1 1.41 1,09 .80 l.21 1.438 | 1.081 .787 1.215 1.218
2.5:1 1.47 1.07 .73 1.25 1.499 |1.052 ,682 1.287 1.275
1:1 0.61 1.03 1.06 0.99 0.612 1,115 | 1.115 1.115 1.115
1.5:21 .85 1,13 .87 1.12 .868 | 1.206 . 9086 1.214 1.221
2:1 .95 1.15 .74 1.20 .972 | 1.1389 . 743 1.294 1.294
2.5:1 Q 1.14 .66 1.24 1.019 {1.175 ,632 1.344 1,346
1:1 0.50 1.05 1.08 0.99 0.454 |1.157 |1.157 1.157 1,157
1.5:1 .69 1.17 .87 1.12 .855 | 1.265 , 923 1.257 l.272
2:1 .78 1.19 .72 1.20 .738 | 1.265 . 743 1.334 1.335
2.5:1 .79 1.19 .63 1.23 L7175 | 1,243 .622 1.380 1.380
1:1 0.46 1.01 1.05 0.97 0,361 [1.184 {1,184 1.184 1,202
1.5:1 .59 1.14 .84 1.10 .527 | 1.303 . 935 1.284 1,306
2:1 .64 1.17 .69 1.17 .596 | 1,307 . 745 1.357 1.361
2.5:1 .66 1.16 .61 1.20 .627 |1.287 .617 1.400 1.401
1:1 0.45 1.00 1.05 0.895 0.300 ]1.202 | 1.202 1.202 1.202
1.5:1 .55 1.13 .82 1.07 .441 | 1.329 . 943 1.302 1.330
2:1 .58 1.15 .68 1.13 .498 | 1.337 777 1.373 1.380
2.5:1 .59 1.15 .59 1.16 .527 | 1.318 .615 1.415 1,415
1:1 0.89 1.00 0.98 1.08 0.909 | 1.065 {1,065 1,065 1,085
1.5:1 1.20 1,09 .84 1.17 1.245 11,148 .882 1.158 1,158
2:1 1,32 1.10 .74 1.21 1,377 | 1.144 .744 1.215 1.217
2.5:1 1.37 1.09 .68 1.23 1.433 1 1.124 .654 1.249 1,258
1:1 0.56 1.03 1.01 1.08 0.588 }1.133 {1.133 1,133 1.133
1.5:1 77 1.15 .81 1.19 .820 [ 1.248 .898 1.239 1.250
2:1 .85 1.17 .68 1.24 .914 1.255 722 1.301 1.301
2.5:1 .89 1.16 .60 1.28 .954 11.238 .608 1.335 1.337
1:1 0.42 1.05 1.04 1.14 0.435 {1.172 | 1.172 1.172 1,172
1.5:1 .58 1.19 .82 1.24 .613 {1.302 . 915 1.282 | —eee-
2:1 .64 1.22 .87 1.28 .685 [ 1.314 . 723 1,344 1.345
2,5:1 .66 1.22 .58 1.30 717 11,298 .596 1,376 1.376
1:1 C.34 1.02 1.07 1.12 0.345 {1,197 |1.197 1.187 1,187
1.5:1 .45 1.17 .83 1.22 .490 | 1.338 . 927 1.308 | —-=--
2:1 .50 1.20 .87 1.25 .549 | 1.345 .727 1.369 1.373
2.5:1 .52 1.20 .57 1.27 .575 1 1.335 .593 1.400 1.400
1:1 0.32 1.02 1.06 1.11 0.286 |1.213 | 1.213 1,213 1.213
1.5:1 .41 1.17 .81 1.22 .408 | 1,359 . 936 1,328 | —----
2:1 .44 1.21 .65 1.26 .458 | 1.375 . 729 1.387 1.393
2.5:1 .46 l.21 .58 1.28 .481 | 1.361 .582 1.416 1.416
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TABLE II.

s D n n
sheet sheet
s 41,840
| ! 43.14°
y 43,050

sheet sheetl
33° 35,029
39,679

40,489

[}

P

1.

.12

L, max

- MAXIMUM EFFECTIVE

STRESS-CONCENTRATION FACTORS

. . .
e |atress- E sorer
: £1eil | E :
Cxp, =
| ratle b '
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'
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1,288 P25}
1.334 | .33
1,360 1 1.36C
b
1.202 1 ol.ec2
1,306
1.361
C1.401
1.202 1.202
1.33
1 1.3n
1.41 1.41
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Figure 1.

=
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~ Location and orientation of strain gages in reinforcement
area of speclmen.
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Figure 2. - Biaxial tensile machine.
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(c) Stress-field ratio, 2:1.

Figure 3. - Photoelastic patterns.
Z, 3.

(v) Stress-field ratio, l.5:l.

C-58651

(a) Stress-fleld ratio, 2.5:1.

Aub dliameter ratio X, 3; hub-sheet thickness ratlo
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Effective stress-concentration factor, K
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Figure 6.- Continued.

Hub diameter ratio, X

) Hub-gsheet thickness ratloc 2, 7.

.2 T T T - T T T T T
Hub inner rim Stress-field ratioc
T O 1:1
\ [m] 1.5:1
A\ 1 ¢ 2:1 ]
.8 AR A 2.5:1
A\
N \\ Plain symbols denocte
N T - T location C
\ \\ Single-tatled symbols
\ \\ dencte location O
-4 A\Y - 1T Double-tatled symbols
\ \\ dencte locaticn V
t N ‘\. _ L U SR P
E RN Q\
i \ \\
o \\\‘
AN ! \:\
\\‘ \\\\\ —
~, \
\* ‘ \\
. . N
: < u\\
; N
N AN N -
Q N\
\ \\ ,Intersections with curves for sheet
.2 AN \\\\ 7
] - R -4
-
~T—t— |
.8 et >\ : ——
. s SR :Q\
D s -
] ———n
|
— ]
4 ] 1 IR T
Ol
2 - T - !
Sheet :
1
|
i
1, I ]
(! :
1\ S A IS SR S S S N B S S
R
\\\\\
Moo J i -1 S SN SRR
N |
LAY
A u AN - 1 ——— -+ ] e —
\\ \ \\\
\ Q\ L I S R _ ~
\\ N
AN N S SRS SR SR S A (N O A [ B m—
NN
YO ]
o)
\\\\ \\:\‘ L —
~ ~ o
NIRRT T 1] L
~ — — Y
=~
1.0 1.2 1.2 T.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0

Effect of hub diameter on maximum stress concentration.



32

K

“actor,

¥

Effective stress-concentratior.

3 T T T 1 T
H Stress-fleld ratllc
e o) 1:1 —
\ Hub inner rim 8] 1.5:1
2,50 : 2 L2 _
N IENY A 2.tel
\:\ Plain symbols denote
\\ NS lo ten C -
ASEANY Stngle-talied symbols
AN denote locat
0.4 SRy Double-talied s; 53—
\ \\ denotle location V
\ '
\\,
ANANY
\\\
. N
2.0 < AN\
~ AR
3 AN ) i
~ Y
N W\
N N\
o \‘ R
1. N
~N
~N
-
\G\\\
1.2 \\\\:: Trnterseclions wlth curves fov sheet
1
i \X\
.6
““*Effff~“‘-
\C |
— ey
\ '\(>\_\
. —4
o
3.2 I .
sheet
2,4
\
|
i
h
2.4
il
i
1T
\
i
2.0 |v
4
AL
VTS
AR
1.6} ARYAN
. A}
AN
\ \\\\
AN NN
\ hY \\\\
1.2 N\ \'\ ~. —— e A |1 2
* N N "1 et B
~ \\\{h\‘\ —— i —— L
~ p V2
T~
.G
i.0 1.2 1.4 i.6 1.8 2.0 2.2 2.4 2.6 e 3.0
Hub dlameter ratio, X
(d) Hub-sheet thickness ratic 7, 2.
Figure 6. - Continued. Effect of hub diameter on maximum Stress concentration.

628~



E-829

O

cucr, K

fa

ress-conceniratlion

3.9 — e
N T o
\ Wt tnner rin g
2.9 S e re— T — | — A
A\ ‘
\\ Plaln synbols
XN e - e loont! on i
AR \Y Sinr:;vi—fzil
\ \} denote 1
2.4 \ \N - -
NI
— X \\3 . ﬁ
AN R\Y |
2.1 N ‘
< Y
~ N
\\ \ \\\ L I
N O
\1\ \ X
. <

\\\\ -

t ‘\ S; T;torse:tions with 7curves for sn ot ) - N
8 | R S \\ \% - - - b I -

. \

_—r \\\ \ +

L s o :%,,
I
C |

T TTT [ IseT] [




34

Sexp max

concentration

actor,

effective stress-~

Maxirum experimental
ba

(a) Stress-field ratio, 1:1.

Figure 7. - Maximum experimental effective stress-concentration factor plotted against hub
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Figure 7. - Continued. Maximum experimental effective stress-concentration factor
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(c) stress-field ratio, 2:1.

Figure 7. - Continued. Maximum experimental effective stress-concentration factor plotted against hub
digmeter ratio and hub-sheet thickness ratio.
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Figure 7. - Concluded. Maximum exper:mental effective stress-concentretion factor
diameser ratio and hub-sheet thickness ratio.
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